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Instructions:  1) All questions carry equal marks. 

                        2) Answer any five full questions. 

 

1. a) Define directional derivative of a differentiable real-valued function 𝑓  on 𝐸3. If  

𝑣𝑝 = (𝑣1, 𝑣2, 𝑣3)𝑝  is a tangent vector to 𝐸3  then prove that 𝑣𝑝[𝑓] =  ∑ 𝑣𝑖
𝜕𝑓 (𝑝)

𝜕𝑥𝑖

3
𝑖=1  . 

Using this result compute  𝑣𝑝[𝑓] for 𝑓 = 𝑒𝑥 cos 𝑦 , 𝑣𝑝: 𝑣 = (2, −1, 3), 𝑝 = (2, 0, 1). 

b)  If 𝛼 be a curve in 𝐸3 and 𝑓 be a differentiable function on 𝐸3, then prove that 

𝛼′(𝑡)[𝑓] =
𝑑

𝑑𝑡
(𝑓 ∘ 𝛼)(𝑡). 

c) Let 𝑉 = 𝑦2𝑈1 − 𝑥𝑈3 and let 𝑓 = 𝑥𝑦, 𝑔 = 𝑧3. Then compute  

   (𝑖)𝑉[𝑓2 + 𝑔2]  (𝑖𝑖) 𝑉[𝑓𝑔]    (𝑖𝑖𝑖) 𝑉[𝑉[𝑓]]    (𝑖𝑣) 𝑓𝑉[𝑔] − 𝑔𝑉[𝑓]   

                                                                                                                             (5+4+5) 

 

2. a) Evaluate the 1-form 𝜙 = 𝑥2𝑑𝑥 − 𝑦2𝑑𝑧 on the vector fields 𝑉, 𝑊 and 
1

𝑥
𝑉 +

1

𝑦
𝑊 

where 𝑉 = 𝑥𝑈1 + 𝑦𝑈2 + 𝑧𝑈3 and W= 𝑥𝑦(𝑈1 − 𝑈3) + 𝑦𝑧(𝑈1 − 𝑈2). 

b) Show that every regular curve has a unit speed reparameterization. Also find the unit 

speed parametrization of the curve 𝛼(𝑡) = (𝑎 cos 𝑡 , 𝑎 sin 𝑡 , 𝑏𝑡), 𝑎 > 0, 𝑏 ≠ 0.  

c) If 𝐹: 𝐸𝑛 → 𝐸𝑚 is a mapping and if 𝛽 = 𝐹(𝛼) is the image of a curve 𝛼 in 𝐸𝑛 then 

prove that 𝛽′ = 𝐹∗(𝛼′).   

                                                                                                                             (4+7+3) 

 

3. a) Explain Frenet apparatus (𝑇, 𝑁, 𝐵, 𝑘, 𝜏) for a unit speed curve 𝛽 ∈ 𝐸3.  Express 

𝑇′, 𝑁′, 𝐵′ in terms of these. 

b) Define a cylindrical helix. Prove that a regular curve with curvature 𝑘 > 0 is a 

cylindrical helix if and only if 𝜏/𝑘 is constant. 

c) Compute ∇𝑉𝑊 for 𝑉 = (𝑦 − 𝑥)𝑈1 + 𝑥𝑦𝑈3, 𝑊 = 𝑥2𝑈1 + 𝑦𝑧𝑈3. 

                                                                                                                             (6+5+3) 
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4. a) If 𝐴 = (𝑎𝑖𝑗) is the attitude matrix and 𝑊 = (𝑤𝑖𝑗), the matrix of connection forms of 

a frame field 𝐸1, 𝐸2, 𝐸3 then prove that 𝑊 = (𝑑𝐴)𝐴𝑡. 

b) If 𝑆 and 𝑇 are translations, then prove that 𝑆𝑇 = 𝑇𝑆 is also a translation. 

c) If 𝐹 is an isometry of 𝐸3such that 𝐹(0) = 0 then prove that 𝐹 is an orthogonal 

transformation.              (5+3+6) 

                                                                                                                              

5. a) Let 𝐷 be a non-empty open subset of 𝐸𝟛 and let 𝑓 be a differentiable function defined 

on 𝐷. Then prove that 𝑀 = {(𝑥, 𝑦, 𝑧) ∈ 𝐸𝟛 /(𝑥, 𝑦) ∈ 𝐷,  𝑧 = 𝑓(𝑥, 𝑦)} is a simple 

surface in 𝐸𝟛.  

Deduce that the following are simple surfaces: 

i. 𝑀:
𝑥2

𝑎2 +
𝑦2

𝑏2 +
𝑧2

𝑐2 = 1. 

ii. 𝑀 = {(𝑥, 𝑦, 𝑧) ∈ 𝐸𝟛 /(𝑥2 + 𝑦2)2 + 3𝑧2 = 1}. 

b) If g is a differentiable real-valued function on 𝐸𝟛 and 𝑐 is a real constant then prove 

that 𝑀: 𝑔(𝑥, 𝑦, 𝑧) = 𝑐 of 𝐸3 is a surface provided  𝑑𝑔 ≠ 0  at any point of 𝑀. Also 

prove that the gradient vector field ∇ 𝑔 = ∑
𝜕𝑔

𝜕𝑥𝑖
𝑈𝑖 is a nonvanishing normal vector field 

on the entire surface 𝑀. 

                                                                                                                                 (7+7)  

6. a) If α: 𝐼 → 𝑀 is a curve in a surface 𝑀  whose route lies in the image x(𝐷) of a single 

patch x then prove that there exist unique differentiable functions 𝑎1, 𝑎2 on I such that 

𝛼(𝑡) = x(𝑎1(𝑡), 𝑎2(𝑡))  ∀ 𝑡 ∈ 𝐼. 

b) Obtain the parametrization of cylinder. 

c) If 𝐹: 𝑀 → 𝑁 be a mapping of surfaces and if 𝜉 and 𝜂 are forms on 𝑁,  then prove the 

following:                    

i. 𝐹∗(ξ + η) = 𝐹∗(ξ) + 𝐹∗(η) 

ii. 𝐹∗(𝜉 ∧ 𝜂) = 𝐹∗(𝜉) ∧ 𝐹∗(𝜂)  

iii. 𝐹∗(𝑑ξ) = 𝑑(𝐹∗ξ). 

                                                                                                     (4+3+7) 

 

7. a) Obtain shape operator of a sphere and prove that every point of sphere is umbilic. 

b) If 𝑝 is an umbilic point of a surface 𝑀 then show that the shape operator at 𝑝 is just 

scalar multiplication by 𝑘 = 𝑘1 = 𝑘2. 
b) With usual notations prove  

        (i) 𝐾 =
𝑙𝑛−𝑚2

𝐸𝐺−𝐹2 and (ii) 𝐻 =
𝐺𝑙+𝐸𝑛−2𝐹𝑚

2(𝐸𝐺−𝐹2)
  

                                                                                                                             (3+4+7) 

 

8. a) Show that the image of a Monge patch x(𝑢, 𝑣) = (𝑢, 𝑣, 𝑓(𝑢, 𝑣)) is minimal if and 

only if (1 + 𝑓𝑢
2)𝑓𝑣𝑣 + (1 + 𝑓𝑣

2)𝑓𝑢𝑢 − 2𝑓𝑢𝑓𝑣𝑓𝑢𝑣 = 0.   

Hence deduce that the image of the patch x(𝑢, 𝑣) = (𝑢, 𝑣, log cos 𝑣 − log cos 𝑢) is 

minimal with Gaussian curvature 𝐾 =
− sec2 𝑢 sec2 𝑣

(1+tan2 𝑢+tan2 𝑣)2
. 

b) Find all geodesics on the sphere and cylinder.                        (8+6)  
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